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ABSTRACT 

A thermodynamic method is presented which makes possible the correct derivation of 
solidus and liquidus curves from a set of experimental liquidus points. In an iterative 
procedure, which is based on the equal-G curve and which uses intermediate phase dia- 
gram calculations, the liquidus of the calculated phase diagram is made to run through the 
experimental liquidus points. In addition, information about the thermodynamic mixing 
properties of the system is obtained_ Results are given for the systems p-dichloroben- 
zene + p-dibromobenzene, KzCOs + KzS04, KCI + NaCI. 

INTRODUCTION 

In this paper we consider TX phase diagrams which depict the equilibrium 
between a continuous series of mixed crystals and liquid mixtures, i.e. phase 
diagrams of types I, II and III in the sense of Bakhuis Roozeboom [l]. Phase 
diagrams of these types are usually obtained by means of a “vertical” 
technique whereby an amount of substance of given overall composition is 
subjected to a gradual change in temperature. During a vertical experiment 
the temperature is plotted against some physical property. The resulting 
cooling or heating curves are subsequently translated into liquidus and 
solidus points. Although such a procedure yields accurate liquidus points, it 
normally fails to provide reliable solidus points. By drawing a line through 
the “experimental” points one would obtain in extreme cases an obviously 
accurate liquidus of type I along with an inaccurate solidus of type III. This 
is in fact what could occur on the K&O3 side of the K&O3 + KzS04 system 
123 (see Fig. 2). 

In this paper a thermodynamic procedure is presented by means of which 
the experimental liquidus points can be fitted and a thermodynamically 
sound solidus can be obtained simultaneously. 

The thermodynamic formulation which is given first makes use of the con- 

* To whom correspondence should be addressed. 
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cept of the equal-G curve (EGC) which we used previously in studies on iso- 
baric [3] and isothermal [4] equilibria between two mixed states. 

The computational procedure, which is an iterative one that uses inter- 
mediate phase diagram calculations, is described next and applied to the 
following real systems: p-dichlorobenzene + p-dibromobenzene, K&O3 + 
KzSOj and KC1 + NaCl. The method not only provides a correct phase dia- 
gram, but also yields information about the thermodynamic mixing proper- 
ties of the system. 

THERMODYNAMIC FORMULATION 

For isobaric conditions the Gibbs energy of a mixture which is formed by 
(1 - X) moles of the first component and X moles of the second is usually 
presented as 

G(T, X) = (1 -X) y’;(T) + X p;(T) + RT In(X) + GE(T, X) (I) 

where T is the thermodynamic temperature, R the gas constant and In(X) a 
short notation defined as 

In(X) = (1 - X) ln(1 - X) + X In X (2) 

The first two terms on the right-hand side of eqn. (1) represent the Gibbs 
energy of the unmixed state (asterisks are used to denote pure components). 
The third term is the contribution due to ideal mixing, and the last term, the 
escess Gibbs energy, gives the deviation from ideal behaviour. Note that the 
mixing properties of a given mixture are known if its escess Gibbs energy is 
known. 

In solid-liquid equilibria between two mixed states two Gibbs energy 
functions of the type espressed by eqn. (1) are involved; one for the solid 
and one for the liquid mistures. At fixed temperature each of the functions 
corresponds to a curve in the GX plane. On passing through the temperature 
region in which the solid-liquid equilibrium takes place these two curves 
intersect; at every intermediate temperature the coexisting phases are given 
by the points of contact of the common tangent. The two sets of points of 
contact obtained in this manner represent the solidus and liquidus curves of 
the phase diagram. A third curve which can be plotted in the TX plane is the 
equal-G curve: the set of points of intersection of the two G-curves. It is 
clear that the EGC always runs between the solidus and liquidus. 

If one makes use of the general relationship between the Gibbs energy G, 
enthalpy H and entropy S, which is G = H - TS, and therefore P* = H* - 
TS’ and GE = HE - TSE, eqn. (1) yields the following two expressions for 
the liquid(l) and solid(s) mixtures 

G’(T,X)=(l-X)G’+XH;‘- (1 -Xx) TSfi-XTSf’ tRTln(X) 

+ HE’ - TSE1 (3) 

G’(T, X) = (1 -X) H;’ + XH;‘-- (1 -X) TS;5-XTS,*s + RT In(X) 

+H=-TSEs (4) 
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The EGC, which is the solution of 

AC=@-Gs=O 

is given by 

(5) 

(l-X)AH;+XA_H;-T[(l-X)AS;+XAS;]+AHz-TASE=O (6) 

In this equation AH; and A& are the heats of melting of the pure com- 
ponents, and AS; and AS; are the entropies of melting of the pure compo- 
nents. These quantities are related as: AH; = TolAST and A.& = T,,:ASi, 
where T,-,, and T,,z are the melting points oE the pure components. If we 
neglect heat-capacity influences, i.e. if we ignore the dependence on tem- 
perature of all the difference functions in eqn. (6), the EGC can be given by 
the following explicit relation 

(1 - X) AH; + x AH; .+ AHE &c(X) = -_.___ _ .._. __.._.. .__ 
(1 - X) .M; + s M; + k”(X) (‘I) 

Because it is not possible without additional assumptions [5] to derive uni- 
quely two functions (AHE and ASE) of X from one single other function 
(T,,,) of X, we return to eqn. (6) and write it as follows 

(1 - X) AH; + X AH; - TECC[ (1 - S) AS; + A- AS;] + AHE 

- TEGCASE(X) = 0 (Sl 

The last two members of the left-hand side of eqn. (S) now represent the 
difference between the escess Gibbs energies of the liquid and solid mis- 

tures along the EGC 

NE(X) - TEGC ASE(X) = AG&c(X) = G&(X) - Gpcc(X) (9) 

The EGC can now be given by the following relation, which serves as the 
basis for the interpretation of TX phase diagrams 

TEGC(-~) = TZ X) As; + x AS? 

where the “zero line” is given by 

(l-xx)AH;+xAH; ----- Tzz~o(X) =--(i.-~);-$-~. ASI (11) 

The EGC and the zero line have been drawn in Fig. 3, the phase diagram for 
the KC1 + NaCl system. The EGC always runs between the solidus and 
liquidus. The zero line usually approaches the straight line connecting T,, 
and To2 (the smaller the difference between AS; and AS: and the difference 

between To 1 and To2 the closer the zero line is to the straight line)_ With the 

help of the EGC and the zero line, the difference excess Gibbs energy can be 
read almost directly from the phase diagram: it is the distance from the zero 

line to the EGC, multiplied by the entropy of melting. 
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COMPUTATIONAL PROCEDURE 

We start the procedure by estimating the position of the EGC, from which 
we calculate the corresponding difference excess function with the help of 
eqns. (10) and (11). The AGE values are fitted to a four-parameter Redlich- 
Kister espression 

AG&(X) = X(1 - X) {AG, + (1 - 2X) AG, + (1 - 2X)* AGj 

+ (1 - 2X)3 AG,) (12) 

If GE1 is lmown from another source we combine it with AG& to calcu- 
late GE”. If G” is not known we put G” = 0 and consequently G”’ = 
-AG&c. Next the phase diagram is calculated with the escess functions 
and the properties of the pure components; the calculations are carried out 
at a number of horizontal cross-sections, i.e. for a number of temperatures_ 
The calculated liquidus is compared with the esperimental one. X new cycle 
starts by shifting the EGC in the direction in which the difference between 
the esperimental and calculated liquidus will decrease. The shift of the EGC 
can be approsimated by 

.X(improved EGC in cycle j + 1) - X(EGC in cycle j) 

= X(esperimental liquidus) - X(calculated liquidus in cycle j) (13) 

Note that the use of a damping factor is optional; in order to avoid oscilla- 
tions, the EGC shift may be weakened by multiplying the right-hand side of 
eqn. (13) by a fraction of 1. 

With the new EGC position an improved difference escess function is 
calculated for the various cross-sections and fitted to eqn. (12). Next an 
improved phase diagram is calculated, the liquidus of which is again com- 
pared with the esperimental liquidus. If there is a difference between the 
two liquidi the EGC is shifted again, and so on. The procedure is repeated 
until the best possible agreement is obtained between the calculated and 
esperimental liquidus. The remaining disagreement is espressed with the 
help of the indices Ds and DT, which are defined as 

and 

D,=‘f; IT,’ r?rp 
- Ti’ cad 

p i=l 
(15) 

Here p stands for the number of cross-sections, X; cillc and Xi ,.sp are the cal- 
culated and experimental mole fractions of cross-section i, and z talc and 
Z csp are the temperatures of the calculated and experimental liquidus of 
mole fraction i. 

The intermediate phase diagram calculations are made with the help of 
linear contributions: the minima of the two G-functions are brought to the 
same level; the abscissae are then the mole fractions of the coexisting phases 
Fl. 
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The calculations, based on the procedure outlined above, are carried out 
with a computer program denoted here as LIQFIT. Some examples of the 
calculations are given in the next section. 

EXAMPLES 

In this section we give the results of calculations made on three systems, 
Viz., p-dichlorobenzene + p-dibromobenzene, KICOJ + K1S04 and KC1 + 
NaCl. Table 2 shows the properties of the pure components as well as the 
final results. In the case of the system p-dichlorobenzene +pdibromoben- 
zene we also made calculations (including phase diagram calculations) in a 
simplified manner using a programmable desk calculator. The course of that 
calculation is a good illustration of the method. 

p-Dichlorobenzene + p-dibromobenzene 

The liquidus and solidus points which are shown in Fig. 1 were derived by 
Campbell and Prodan [7] from cooling curves. From these data we took five 
liquidus points; the latter are given in Table 1 under the heading “experi- 
mental”. Excess properties of the liquid state are not known. The calculation 
given here is a simplified one, because we take the two-parameter version of 
eqn. (12) for the difference excess Gibbs energy 

AGE,,(X) = X(1 - X) {AG1 + (1 - 2X) AG?) (12a) 

In the first cycle we took AG2 = 0 and derived AG, from the estimated posi- 
tion of the EGC for X = 0.5 (T = 336.5 K), which is marked in Fig. 1 with a 
cross (note that this choice implies the a priori expectation that the esperi- 

; P-q&I, 
- -. ..____--.___._.___ 

P-c&& 

i_ _____ __.. _ _ ._ 
0 -x 1 

Fig. 1. The p-dichlorobenzene + p-dibromobenzene system. o and C, Esperimcntal data. 
Curves: calculated solidus and liquidus curves. 
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mental two-phase region is too narrow, otherwise the cross would have been 
placed about 2 K higher). The resulting value for AG1 is -1577 J mole-‘. 
With this value the liquidus, solidus and EGC positions were calculated for the 
five selected temperature cross-sections; the results are given in Table 1 
under the heading “cycle I”; the value for the indices Ds and DT are 0.016 
and 0.5 K, respectively. 

Improved EGC positions were next obtained by using eqn. (13). The 
improved EGC positions and the corresponding values for AG&c are given in 
Table 1. The linear part in curly brackets of eqn. (12a) can be found by plot- 
ting AGE-&X(1 -X) vs. X. In round numbers it is given by -1500-400 

(1 - 2X) J mole-‘, i.e. AG, = -1500 J mole-’ and AG1 = -400 J mole-‘. The 
solidus and liquidus points corresponding to the improved escess function 
are given in the last two columns of Table 1. We observe that just after these 
two cycles the calculated liquidus points are in close agreement with the 
esperimental ones. The corresponding value for Ds is 0.003 and for D7- 
0.1 K. 

For the calculations with LIQFIT we used 10 temperature cross-sections. 
The resulting values for the parameters are shown in Table 8. The calculated 
solidus and liquidus curves and the esperimental data are shown in Fig. 1. -4s 
can be inferred from Table 2, there is escellent agreement between the cal- 
culated and esperimental liquidus data. 

K&O3 + K,SO, 

The esperimental liquidus and solidus points are given by Barde et al. [ 21. 
For our calculations on this system we replaced the esperimental liquidus 
points by a number of dummy points. The latter were read from the curve 
which was drawn “by eye” through the esperimental points. The escess 
Gibbs energy of the liquid phase is not known. The results are given in Table 2 
and Fig. 2. 

KC/ + NaCl 

The experimental data are those given by Coleman and Lacy [S]. The 
liquidus points at the NaCl side are in conflict with van% Hoff’s Law, which 
is 

X,‘) d(1 -Xi). - -.--- 
1 

_ nsl” 

dT i-To2 RTCI, 
(16) 

because they would result in a solidus curve extending beyond the phase dia- 
gram. The calculations were therefore based on the curve which was drawn 
“by eye” through the liquidus points, except for the part at the NaCl side, 
where it was drawn with an initial slope of AS; /I? To?. 

Neglecting the excess entropy, for G”’ we used the esperimental escess 
enthalpy function derived by Hersh and Kleppa [9], which is given by: 
X(1 -Xx) I-2.19 + 0.14 (1 - 2X)} kJ mole-‘. Therefore it was possible to 
calculate not only the difference excess Gibbs energy, shown in Table 2, but 
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0 -x 1 

Fig. 2. The KzC03 + KzS04 system. H and O, Experimental data. Curves: calculated 
solidus and liquidus curves. 

also the excess Gibbs energy of the solid state, which is given by : X(1 - X) 
I12.57 - 1.80 (l- 2X) + 2.00 (1 - 2X)z - 2.81 (1 - 2X)3) kJ mole-‘. The 
phase diagram obtained is shown in Fig. 3, together with the EGC calculated 
in the last cycle of the procedure and the experimental data. The GEs value 
at X = 0.5, which is 3.14 kJ mole-‘, is in good agreement with the value 
(3.08 kJ mole-‘) which can be calculated for X = 0.5 and T = 918 with the 
excess enthalpy and excess entropy functions which were derived from the 
miscibility gap [ 51. 

~ ,. .-- ______ 
KCI NaCci 

Fig. 3. The KC1 + NaCl system. l and 0, Experimental data. -, Calculated solidus 

and liquidus curves; - - - - -, zero line; w - - - ., equal-G curve. 
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DISCUSSION 

The calculated phase diag=rams (Figs. l-3) show that the actual position 
of the solidus invariably deviates from that assumed by the investigators. 

It is well known that the difficulty in determining the solidus is due to the 
absence of thermodynamic equilibrium between the liquid misture and the 
bulk of the solid material, and that this in turn is due to the low diffusion 
rates in the solid state. In cooling esperiments, thermodynamic equilibrium 
is appoached only when the first amount of solid material forms from the 
liquid (the liquidus can be correctly determined). On further solidification 
the composition of the solid material changes continually, and the last 
amount of liquid certainly does not disappear at the solidus point corre- 
sponding to the mean composition. In many heating esperiments the same 

events take place in the reverse order. 
The situation changes in those cases where a subsolidus equilibration, 

carried out for the purpose of preparing a homogeneous solid misture, pre- 
cedes the heating esperiment. When a homogeneous solid misture, which 
can also be obtained by the technique of zone levelling, is heated in a rapid 
esperiment, i.e. rapid with respect to the diffusion rates in the solid state, it 
can only yield a liquid mixture of the same composition. The consequence 
of this is that such homogeneous material melts sharply at the temperature 
where solid and liquid mixtures, being of the same composition, have equal 

Gibbs energies. In other words, in rapid esperiments homogeneous mis- 
tures melt at the EGC! This behaviour has been observed by van Genderen et 
al. [lo] for mistures of p-dichlorobenzene + p-dibromobenzene prepared by 
zone levelling. It is possible that such behaviour was also observed for the 
K1C03 + K2SOJ system by Levin et al. [ll] who performed DTA esperi- 
ments after heating three times below the solidus. They state that the 
liquidus was indistinguishable from the solidus. Their observations appar- 
ently differ from those of Barde et al. [ 21, who carried out DT_\ esperi- 

ments on mixtures “homog~n&s~s par agitation m@caniyue”, which gave 
rise to the points shown in Fig. 2. 

In conclusion, it is recommended that calculations of the kind presented 
here be carried out in the pre-publication stage of the investigations. The 
effort required to perform these calculations is small compared to that 
required for the experiments. Furthermore, such calculations could be 
coupled back to the esperimental information and, for instance, used to 
determine whether or not a region of demising in the solid state interferes 
with the solid-liquid equilibrium. 
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